Sections 4.1-4.2

Sec 4.1: Review of Basic Calculus of Matrix Functions

Definition: A Matrix Function is a matrix whose entries are functions. In this class we will consider

matrices whose entries are real valued functions of a real number t.

Ex1. Consider the matrix )
t?2 —t 3 ]

M(I,)—[
t—1 t—2

(a) Compute M'(t) and | M(t) dt.
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(c) For what values of ¢, M(t) has inverse?
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(d) Find (M(t))!, whenever it makes sense.

Note: In general we will use Gaussian elimination to compute (M(t))~!. However, if M is a 2 x 2 matrix

we have that
a b
M =
c d

[y — @
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BASIC RULES:

%{A(t) £ B0} = %{A(t)} 1 %{B(t)}
%{A(t) : B(t)} = A(t)- B'(t) + A'(t) - B(t)

/{A(t)iB(t)} dt:/A(t) dtﬂ:/B(t) dt

/b{A(t)iB(t)} dtz/bA(t) dti/bB(t) dt

a a

WARNING: In general, the product of matrices is not commutative. That is, if P and @ are matrices,
then PQ may not be QP. Hence, %{B(t) - A(t)} may not be A(t) - B'(t) + A’(t) - B(t).

Sec 4.2: First Order Linear System

Has the standard form: L
=P)-Y+G(t), a<t<b

where
[11(t)] [p11(t) pra(t) -+ pia(t)] [91(t)]
ya(t) par(t) p2a(t) --- poa(t) g2(t)
v y3(t) Pt = par(t) pa2(t) -+ pan(t) G = ga(t)
_yn(t)_ _pnl(t) Pn2 (t) T pn'n(t)_ _Qn(t)_

Ex1. Write the following system as a first order linear system. Assume 0 < ¢ < oco.

-y + In(t)
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Yy = (2t +1) -1 +e -y + cos(t)
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Ex2. Write the following system as a first order linear system. Assume —2 <t < 2.
(t+2)y) = 3tys + 5y

(t = 2)yh = 2y1 + 4ty,

t
vi = sin(t) -y + 5 -ya +1n(l)

2t +8

yh= (2t +1) -y +e 2 -y + cos(t)
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Ex3. Rewrite the scalar differential equation as a first order linear system:

y(B) _ tz‘y" + 3t'y' +hy=e 4t

Sol.
Note that this is a third order scalar differential equation. Define a column vector f(t) as follows:
v (t) y(t)
Y = |w@| = |v©
ys(t) y" ()

Differentiate the column vector }7(t) with respect to t:

vi(t) y'(t)
Y'(t) = |sh0)| = | y"(1)
y5(t) y"(t)

Now use the definition of Y (¢) and the fact that y®) = 12y” — 3ty’ — 5y + e L.
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Definition: The trace of a matrix A denoted by ¢r[A], is defined to be the sum of the elements of the
diagonal of A.

Example: Consider A from our previous example,

0 1 0

A= -6 5 0
0 0 1
Then tr[A] =0+ 5+ 1= 6.
a b c
Remember, given a 3 x 3 matrix B = | d e I,
g h k

e f d f d e
determinant of B= det (B) = ax det —bx det + exdet
h k g k g h

Example: Calculate det (A).

5 0 —6 0 —6 5
Det (A)= 0x det — 1x det + 0x det =6
0 1 0 0




